This paper studies the valuation of floaters and options on floaters under the assumption of a square root interest rate model. By incorporating the extension proposed by Duffie (1995) into the Cox, Ingersoll and Ross model (1985) in order to accommodate the presence of special repo rates, we obtain closed-form formulas for pricing debt claims with floating-rate coupons and options written on the price of these bonds. Using data from the Italian secondary market, the model has been estimated on a cross-section of fixed and floating-rate Treasuries, futures on Treasury bonds and futures options. Our results show that the model fits the market prices well. 
INTRODUCTION
In standard one-factor interest rate models, the theoretical value of pure floaters is pulled to par immediately after coupon payments. Unfortunately, this effect is not found in real markets, even if the floaters are default-risk free. One possible reason is that the floater and the underlying asset whose interest rate determines the coupon, do not have the same liquidity. In a study on the liquidity of U.S. Treasury securities, Amihud and Mendelson (1991) found that the yields on T-bills with maturities under 6 months were lower than those on T-notes with identical cash flows, with the excess yield on notes being a decreasing function of the time to maturity. The authors attribute the difference to liquidity factors; the lower cost of transacting bills with respect to notes justifies lower yields on T-bills. Consequently, quasi equivalent bonds may have different prices.
For the same liquidity reasons, a floater that mimics a rollover on 6-month T-bills may be quoted at a discount at reset dates, thus offering a yield higher than the T-bill rate.
We assume that liquidity conditions are fully captured by the market for repurchase agreements (repos) and, by assuming a one factor model, we employ the smallest possible number of parameters for an adequate representation of floater prices. This principle of parsimony allows us to come up with a closed-form formula for valuing pure floaters and options on pure floaters without having to pull the floater price to par at the reset dates.
In the rest of the paper we first consider the pricing of pure discount bonds under the standard Cox, Ingersoll and Ross (1985) model and then under the extended version proposed by Duffie (1995) , which allows for special repo rates. In the following section, we analyze the properties of the floating-rate coupons, before dealing with the whole floaters. We then evaluate options on floatingrate coupons and options on floaters. The last section is devoted to an empirical application. The valuation formulas are shown in the Appendix A.
MODEL

Standard One-Factor CIR Model
Re-Definition of Parameters
In the standard one-factor Cox, Ingersoll and Ross model, the closed formula for zero-coupon bond prices is stated in terms of the state variable r (the instantaneous interest rate) and the 4 original parameters: θ (the expected long-term value of r), κ (the speed of adjustment of r towards θ), λ (the market risk parameter) and σ 2 (the interest rate variance parameter). In their one-stage approach to estimating the CIR model, Brown and Dybvig (1986) stressed that the same formula could be expressed in terms of only 3 parameters, φ 1 , φ 2 , φ 3 , which are combinations of the original four. Other authors, Jamshidian (1987) and Longstaff (1990) , let the valuation formula depend on the parameters of the risk-neutral process: α ≡ κθ, β ≡ κ + λ and σ 2 . In our approach, we use a representation similar to that adopted by Vasicek (1977) in his model, which is based on an Ornstein-Uhlenbeck process for r. We state our valuation formulas in terms of R ∞ ≡ 2α/(γ + β), β ≡ κ + λ and σ 2 , with γ being defined by Equation (5).We believe that R ∞ , the asymptotic long-term rate, allows more intuition than the alternative given by α; in fact, it makes it easier to understand the effects of the parameters: r and R ∞ are the two extremes of the term structure of interest rates, while β acts mainly on the latter's slope ( Figure 1a ) and σ impacts primarily on the term structure of price volatilities (Figure 1b ).
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Pricing Pure Discount Bonds
According to our notation, in the standard one-factor CIR model the price at time t of a default-free zero-coupon bond maturing at time s is given by:
1 By Itô's lemma, the volatility of every function F of r and t is:
where: 
CIR Model with Special Repo Rates
In the standard one-factor CIR model the expected rate of return on a bond is equal to the instantaneous risk-free interest rate r plus a premium proportional to the bond's interest elasticity. If the holder is assumed to collect additional payments at a bond-specific known rate δ, the equilibrium riskadjusted expected rate of return is no longer r but R = r -δ = kr (k ≤ 1). This is the case when the bondholder is able to get an extra return by lending its security, generally through a repurchase agreement (repo).
A repo contract can in fact be considered as a double loan where one party lends money and the other securities. 2 The rate in the contract, R, is therefore the difference r − δ between the interest 2 Williams (1986) and Williams and Barone (1991) give some examples of double loan markets. 
Years
Left chart: interest rates of zero-coupon bonds as a function of β and maturity.
Right chart: price volatilities of zero-coupon bonds as a function of σ and maturity.
Note: The sample parameters used in this figure and in the rest of the paper are: r = 5.41%, R∞ = 8.92%, σ = 0.17472, β = 0.17860
Figure 1
Effect of parameter changes rate on money and the interest rate on securities. The repo rate R is bounded above by r. A special repo rate below the prevailing market interest rate for money, r, indicates a positive interest rate, δ, for lending securities. 3 When a bond is "on special" its equilibrium price is above the price that would otherwise prevail; the difference reflects the extra return the holder can earn by lending the bond.
Following Duffie (1995) we take R(r, t) = kr as the instantaneous rate of return on the security, with k being less than 1 for bonds on special.
The partial differential equation (PDE) for the security's price, F, becomes:
which can be reduced by changing of variables G(r, k t) = kF(r, k t/k) to:
and changing the boundary conditions accordingly.
FLOATERS
We define a floater as a bond with a face value of 1 that, at each time s j , pays a coupon equal to a i (s j , u j , v j , ψ j , ξ j ) + S j , where S j is the mark-up or spread and a i is a "floating-rate coupon" whose amount depends on the price at time u j of a T-Bill maturing at time v j according to the following formula:
where:
T-Bills are assumed to be more liquid than floaters; their yields are therefore lower. "In fact, it is common for traders to roll all or a large portion of their positions into each successive current issue ... This tendency for reduced liquidity over time is to some extent a self-fulfilling prophecy, since expectations of lower liquidity will themselves reduce liquidity" [Duffie (1995) , p.6].
Treasury Bill Prices
A T-Bill is a pure discount bond (PDB) repaying a known amount at maturity; if this amount is assumed to be equal to 1 and the maturity is T, we can solve (8) for its value at time t. The solution to (8) subject to the appropriate boundary condition is:
This functional form is the same as that of the unmodified CIR formula, but k changes the values of the parameters:
The k-modified price formula is more general than the original, since the latter can be obtained for k = 1. Moreover, the new parameter k, rather than being unique across all securities, can be considered security specific or, at least, specific to a class of securities This allows a better fit of a unique curve to different types of securities that, owing to market imperfections such as liquidity or transaction costs, yield less than what they would in perfect markets. In this paper we assume that the T-Bills yield curve is shifted downward according to the new parameter.
Derivatives and Comparative Statics
The value of a PDB is a decreasing function of k (Figure 2a ): the lower the k, the more the bond is special and the higher is its price. The yield curve thus shifts downward for decreasing values of k. The shift is almost parallel, though it tends to be a percentage of the original yield. In fact, the elasticity of the (continuously compounded) yield with respect to k is near to unity (Figure 2b ). 
Floating-Rate Coupons
A floating-rate note (FRN) can be thought of as consisting of two series of payments (the floating payments and the spreads) and a bullet nominal repayment at maturity (Figure 3 ). 7 Since we assume that the FRN is not itself on special, 8 the valuation formulas for the fixed payments are unchanged and hold no k. We will now focus on the valuation of a generic floating payment; we will call this payment the floating-rate coupon (FRC). 6 See the Appendix A.1 for the full expression of the derivatives. 7 There is actually another fixed payment: the current floating coupon is usually already known. 8 It should be noticed that, though the T-Bill follows a modified process, the FRN based on it doesn't not necessarily have to do so; the "specialness" of the T-Bill concerns the holder of the T-Bill, not the holder of an FRN linked to it. 9 A closed-form formula for an FRC in the standard CIR model (k = 1) has been given by Sundaresan (1991) . The final value of a generic FRC is given by (10); in order to determine its current value we can apply the separation theorem:
10 the present value can thus be computed as the product of the normal discount factor and the expected value of the final payoff for a modified (forward risk adjusted) distribution of r.
The value at time t of the coupon, paid at time s but based on the zero rate for the period (u, v) , is equal to: t;s P v,ξ r,t,k;s,u, P ψ ,u;s r P E ,u,k;v r P ,u;s r P E r,t;u ψP ,u,k;v r P ψ ,u;s r P E r,t;u P v,ξ,ξ r,t,k;s,u, a 
10 See Jamshidian (1987) and Longstaff (1990) . The floating-rate note is assumed to have semi-annual payments based on the 6-month T-Bill rate defined one month before the beginning of the coupon period, plus a mark-up of 20 basis points (on a yearly basis). Current coupons are assumed to have been fixed at 8% on the reset dates. The parameter k is assumed to be 0.95. 
Note that π a (t, u) and η a (t, u) are the parameters of the distribution of the risk adjusted rate r(u), conditional on r(t):
X df 2 (x, nc) being the cumulated non-central chi-square probability with df degrees of freedom and non-centrality parameter nc.
12 This probability does not depend on k, being the same as that used to obtain the discount factor P(r, t; u) in (15).
Derivatives and Comparative Statics
The effect of k is predictable: decreasing values of k correspond to decreasing values of the FRC ( Figure 4a) ; moreover, decreasing values of k do not significantly affect the volatility of the FRC value. Should an issuer keep the price of a FRN near to par by paying a spread on the index, the FRN would become slightly riskier. In fact, the best way for an issuer to keep using the "mispriced" T-Bill market yield as the index for its FRN, while reaching a "normal" price and riskiness, seems to be to add a multiplier of the rate (ψ) rather than a spread.
The state variable, r, acts differently depending mainly on the payment date of the coupon. Given that an increase in r(t) affects the expected value of all future r(x) with the same sign, this will lead to a higher expected value of the T-Bill yield Y (u, v) , but also to a lower discount factor P(t, s).
For near payments, near fixings, the expected value effect prevails, causing a positive derivative of the FRC value with respect to r. The expected value effect tends to fade for further away fixings, while the present value gathers strength, eventually inverting the sign of the derivative. In fact P(t, s) depends on all r from t to s; 13 while the expected value of the payment only depends on the r 12 For a numerical algorithm see Ding (1992) . 13 The discount factor can be expressed as Right chart: elasticity of a floating-rate coupon vs. r as a function of r and maturity.
Note: in this Figure and in the rest of the paper it is assumed that the floating-rate coupons fix their 6 month interest rate seven months before the payment date; both ψ and ξ are set equal to 1.
Figure 4
Value and elasticity of floating-rate coupons from u to v; the mean reverting nature of the process causes a change in r(t) mainly to affect near values of r: the further away the fixing date, the lower the impact of changes in r(t) on Y (u, v) , the higher its (relative) impact on P (t, s) . This is shown in Figure 4b : the elasticity of the FRC value with respect to r is positive for near coupons, but decreases and becomes negative as the payment date shifts further away.
Extending the study to the whole domain of r, one can easily show that the FRC value tends to zero for diverging values of r. Moreover, it can be shown that, if the FRC value as a function of r has a positive derivative at r = 0, it has a maximum at the origin and then tends to zero; for a negative derivative at r = 0, it is monotonically decreasing to zero. 
Floating-Rate Notes
We have already given a definition of a FRN at the beginning of this section; the value of such a note is just the sum of the value of its components: the floating payments (the FRCs), the spreads, and the final repayment, (20) where N is the final repayment amount, S are the spreads and s are the coupon dates. Attention has to be paid, however, to coupons for which the rate has already been fixed.
Derivatives and Comparative Statics
Since the derivatives of an FRN are the sum of the corresponding derivatives of its components, the effect of k is mitigated by the presence of a significant portion of the FRN value that does not depend on it. This portion increases as the maturity shortens. Consequently, the effect of k diminishes approaching maturity (Figure 5a ).
Volatility is not significantly affected by k. As expected it is very low and similar to that of the underlying asset (Figure 5b ).
OPTIONS
Options on FRNs are not as widespread as other interest rate derivatives. This is probably a consequence of the "short-term risk" nature of the underlying asset. When the FRN is not correctly de-14 See Appendix A.2 for the full expression of the derivatives. signed and is based on the yield of an asset on special, the valuation problem is more complex and cannot be solved with the standard models.
Call Options on Floating-Rate Coupons
We now develop valuation formulas for call options on FRCs. Put options can be derived by the usual put-call parity formula. We again use the separation theorem to determine the net present value of a stochastic future cash-flow. This method can only be applied if the payoff is path-independent, being only a function of the final value of r. This is the case if the rate fixing does not take place in the time between the valuation (t) and the exercise (T) dates: T,k;s,u,v r a E r,t;T P s,u,v,ξ, r,t,k;T,K; c 
Since a i is a function of r with a single hump, the option will be exercised if r 1 * < r~T < r 2 
where the probability associated to the present value of K, is the risk-adjusted probability of exercise;
16 and: T,s,u,v,ξ t,k,r 
are the "underlying modified" risk-adjusted probabilities of exercise.
17
The functional form is very similar to that of an option on a PDB; each term of the FRC value has been multiplied by a probability factor equal to the chi-square probability computed in the exercise range of r. The chi-square distribution parameters only depend on the underlying. Consequently, equation (24) is very similar to that for options on PDBs.
The values and volatilities of call options on floating-rate coupons are shown in Figure 6 . Following Jamshidian (1987) , it is easy to see that the value of an option on a portfolio of assets can be considered as a portfolio of options on each asset, with the constraint of simultaneous exercise. This constraint is imposed by using the same exercise range for r(T). It is not easy, however, to define the shape of the exercise range for an FRN. Since the value of an FRN is the sum of functions of r, each possibly having a single hump for r > 0, at the exercise date it could be equal to K for more than two values of r. 15 The proof is available upon request to the authors. See also Risa (1992) p. 175. 16 The real probability cannot be defined in terms of the "short list" of (three) parameters; the real distribution of r(T) is not a function of λ, which cannot be separated from any of the transformations of the (four) original parameters. 17 See the Appendix A.3 for the complete formulas.
Call Options on Floaters
Another problem arises from rate fixings occurring in the time between the valuation and the exercise of the option; we do not have a closed form formula for options on such coupons.
As far as the first point is concerned, it can be assumed that the value of the FRN has at most a single hump, which is the case for most FRNs (e.g. pure floaters).
The second problem is difficult to overcome. It is not possible to ignore the correlation between r(t), r(T) and r(z), where z is the fixing date, since the current coupon can be a significant portion of the final value of the FRN.
18
There are nevertheless many practical applications of the formulas found. In the swap market, for example, swaptions can be easily valued. Moreover, the floating leg of a swap normally has a fixing 2 business days before the beginning of its coupon period; it would be possible, without loss of relevant information, to envisage caps and floors exercised at the rate fixing date; 19 which could therefore also be valued with the proposed model.
For other cases the best solution seems to be a numerical approximation.
AN EMPIRICAL APPLICATION
In order to test the model, we considered a cross-section of different contracts on Italian Treasuries: spot contracts on fixed-rate (BTPs) and floating-rate (CCTs) bonds, futures contracts on fixed-rate bonds and futures-style options on bonds futures. Estimates are based on the average between bid and ask prices as given by Reuters on 23 November 1994. Using Marquardt's algorithm, the model parameters were estimated to minimize the (weighted) sum of the squared errors between actual and theoretical prices. More weight was given to futures and futures options and to prices that were updated closer to the observation time (9:54 Gmt).
The results, shown in Table b1 -Table b4 , seem to be positive. The standard error of the regression is equal to 56 basis points, which can be considered good compared with the high volatility that characterized the market and with the average bid-ask spread (24 b.p.).
The deviations between actual and theoretical prices of BTPs are high mainly for the longer maturities. According to the model, 10 years BTPs are overvalued and, correspondingly, their futures prices are overvalued too. Futures options are valued pretty well, with puts slightly overpriced (a maximum deviation of 18 b.p. at MTO) and calls slightly underpriced (a minimum deviation of -13 b.p. at MTO). The fit for CCTs may be considered very good, given the difficulties to come up with a consistent valuation formula able to explain the large departures from par observed in the Ital- 18 One possible way to find the closed-form formula seems to be by defining the probability distribution of r(z), given r(t) and r (T) . 19 All such instruments actually pay the difference between the floating rate and the limit rate; once the rate is fixed, the rational investor knows if the option will be exercised. Right chart: price volatility of a call on a floating-rate coupon as a function of the FRC maturity.
Figure 6
Call options on floating-rate coupons ian market. 20 The average deviation between actual and theoretical prices of CCTs is lower than 10 b.p..
Interesting results come from the calculation of the derivatives of theoretical prices (called delta, rho, vega, phi) with respect to the model's parameters (r, R ∞ , σ, β). For BTPs the delta tends to be higher than the rho for maturities up to ten years; then the relationship reverses. The vega grows slightly with maturity. Phi is always close to zero.
Similar results hold for futures prices. It is interesting to note that our data confirm the socalled Samuelson effect. Shorter-term futures contracts are riskier than longer ones. This is a consequence of the mean-reversion for r embedded in the model. Uncertainty decreases with longer maturities since the long-run asymptotic rate R ∞ is constant.
Deltas and rhos for futures options are of the same order of magnitude. What is surprising is the low value of vega, particularly for calls. Even in this case the importance of phi is negligible.
Finally, the prices of CCTs react only to changes of the instantaneous rate, while are relatively insensitive to changes of the long-term asymptotic rate. The deltas are negative for all maturities since the negative effect of an increase of r on the present value of the fixed-rate components (capital, current coupon, mark-ups) is greater than the positive effect on the (shorter) floating-rate coupons.
CONCLUSIONS
We propose closed-form formulas for valuing floaters and options on floaters. Such formulas do not require the floater's price to be pulled-to-par at the reset dates. The availability of closed-form formulas allows the model's parameters to be estimated in real time using a broad range of financial contracts. The empirical application we carried out (based on the spot prices of Italian fixed-rate and floating-rate Treasuries, the futures prices of fixed-rate bonds and the prices of futures-style options on bonds futures) shows that the model is able to explain almost all the variance of the market prices.
APPENDIX A
A.1 Pure Discount Bonds
Spot Price of a PDB paying 1 at time s.
( )
A.2 Floating-Rate Coupons
Spot price at time t of a floating-rate coupon. t;s P v,ξ r,t,k;s,u, P ψ v,ξ,ξ r,t,k;s,u, a 
A.3 Options on Floating-Rate Coupons
Spot Price of a call option on an FRC.
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